Using the monomer-dimer representation of the lattice Schwinger model, with N f = 1 Wilson fermions in the strong-coupling regime (β = 0), we evaluate its partition function, Z, exactly on finite lattices. By studying the zeroes of Z(k) in the complex plane (Re(k), Im(k)) for a large number of small lattices, we find the zeroes closest to the real axis for infinite stripes in temporal direction and spatial extent S = 2 and 3. We find evidence for the existence of a critical value for the hopping parameter in the thermodynamic limit S → ∞ on the real axis at about k c ≃ 0.39. By looking at the behaviour of quantities, such as the chiral condensate, the chiral susceptibility and the third derivative of Z with respect to 1/2k, close to the critical point k c , we find some indications for a continuous phase transition.
Introduction
The Schwinger model [1] , that is 2-dimensional QED (QED 2 ) with massless electrons, has always attracted the interest of theoreticians not only because it is a rather simple model, which can be solved analytically, but also (and mainly!) because many of its properties are quite similar to those of 4-dimensional QCD. Already in the basic version with N f = 1 fermion flavours, one recovers a lot of QCD-like properties such as confinement for fermions, chiral symmetry breaking, due to the anomaly in the U(1) axial current, and charge screening [1, 2, 3] .
By virtue of this similarity, one is also tempted to consider the lattice version of the Schwinger model as a test-model for lattice 4-dimensional QCD (QCD 4 ). Also here one faces the problem of the choice of a lattice scheme for fermions: the two most common choices are the well-known Wilson fermions [4] and the staggered (or Kogut-Susskind [KS]) fermions [5, 6] . Most of the lattice calculations done up to now for the Schwinger model used the staggered fermion formulation [7, 8, 9] , in which case the chiral limit is obtained by simply setting the bare fermion mass parameter m appearing in the lattice Lagrangian to zero: m → 0. All these lattice calculations seem to reproduce well the expected properties of the continuum massless Schwinger model, known from analytical results.
On the contrary, very little is known about the lattice Schwinger model with Wilson fermions. Our interest in the Wilson formulation of QED 2 comes from the recently made observation [10] that the critical point in the hopping parameter, at which the chiral limit is reached, may not agree with the naïve expectation (see below, for a more detailed discussion of this point). This may also be of relevance for an understanding of the complicated phase diagram found in the Wilson formulation of lattice QCD 4 with large number of flavours [11] .
In the lattice action with Wilson fermions the bare fermion mass m does not appear explicitly as in the lattice action with KS fermions. It contains as parameters the coupling constant β and the hopping parameter k, which is related to the bare fermion mass. Therefore in the Wilson fermion formulation there is the problem of defining a chiral limit, corresponding to m → 0. In lattice QCD 4 with Wilson fermions the chiral limit, at a given value of β, is reached when the hopping parameter k approaches a certain critical value k c (β), often defined as the value of k for which the pion mass M π vanishes. In fact, in the chiral limit of QCD 4 the pion becomes the Goldstone boson of the spontaneously-broken chiral symmetry and its mass is expected to vanish as √ m when m → 0. It tacitly is assumed that this defines a critical point which coincides with a critical point (zero) of the partition function.
It is expected that the situation is similar for the lattice Schwinger model, in the sense that there will be a critical point for each value of the gauge coupling,k = k c (β), which defines the chiral limit. The continuum chiral limit will be reached following this line up to k c (β = ∞) = 1/2d = 1/4. However, we cannot determine k c (β) in the same way as in QCD 4 , since in the Schwinger model with N f = 1 we have no Goldstone boson in the chiral limit m → 0: the U(1) chiral symmetry is broken by the anomaly and one is left with a massive pseudoscalar, similar to the η ′ in QCD 4 . A determination of k c (β) thus has to proceed through the direct investigation of the singularities of Z(k).
A quite common attitude is to assume that k c (β) coincides with the convergence radius k (β) for the joint expansion in the hopping parameter k and the inverse gauge coupling β. However, there is no proof that this is correct: for example, in the lattice Schwinger model with KS fermions we have thatk ≤ 1/2 [10] , while k c = ∞. For Wilson fermions, one does not know the precise values ofk(β) and k c (β). Our aim is to compare these two values at least in the strong coupling regime β = 0. It was already found in ref. [10] that k(0) ≤ 1/2 and some indications from Monte Carlo simulations were reported, indicating that k c (0) =k(0). In this work we will determine k c (0) by deriving analytically (using algebraic methods) the Lee-Yang zeroes [12] of the partition function Z(k) for the lattice Schwinger model, with N f = 1 Wilson fermions, in the strong-coupling regime (β = 0). For a finite lattice S × T these zeroes have a non-vanishing imaginary part, in the complex plane (Re(k), Im(k)), indicating that there is no real critical point for a finite lattice. This remains true for T → ∞ with finite S. Yet, enlarging the lattice, they show a tendency to move towards the real k-axis. By studying the zeroes in the complex plane of the partition function Z(k) for a large number of small lattices, and then extrapolating to the thermodynamic limit ∞ × ∞, we will find evidence for the existence of a real critical value for the hopping parameter, at about k c ≃ 0.39. We will also study some relevant quantities, such as the chiral condensate <ψψ >, the chiral susceptibility and the third derivative, with respect to 1/2k, of the partition function, in order to get some information about the question of the order of the phase transition.
The method
The action for the lattice Schwinger model is written as the sum of a gauge-action S G [U] and of a fermion-action S F [ψ,ψ, U]:
The gauge part S G [U] is given by:
where β ≡ 1/e 2 , e being the usual electro-magnetic coupling constant. Since the gauge group is U(1), the basic lattice gauge variable U µ (n), corresponding to the link connecting the sites n and n +μ, can be written in the form of a phase:
In eq.(2) U P stands for the usual 1 × 1 Wilson plaquette, constructed using the link variables U µ (n). In the strong coupling limit (e 2 → ∞), the coefficient β in front of S G [U] goes to zero and the total action S reduces simply to the fermion action S F [ψ,ψ, U]. The action S F for Wilson fermions (and only one flavour) can be written in the form:
where k is the so-called hopping parameter, and each K nm , for a given couple of lattice sites n and m, is a matrix in Dirac space:
Therefore K nm is of the form:
where the only non-vanishing matrices M nm are those connecting neighbouring lattice sites:
The parameter r, which satisfies |r| ≤ 1, is called the Wilson parameter. In the following we will consider only the case r = 1. The matrices γ µ , with µ = 1, 2 are the 2×2 Euclidean Dirac matrices, corresponding to 1 + 1 space-time dimensions (in particular we will consider the index µ = 1 as corresponding to the time dimension and the index µ = 2 as corresponding to the space dimension): they satisfy the anticommutation relation {γ i , γ k } = 2δ ik I 2 , with I 2 being the 2 × 2 identity matrix. For our algebraic manipulations, we have chosen the following representation for the γ-matrices:
Finally, the partition function, in the strong coupling regime β = 0, is given by the following expression:
n,mψ
Following the standard normalization convention, we also eliminate the factor 1/2k appearing in the exponent in eq. (9) by re-scaling the fermion fields with √ 2k:
When evaluating a matrix element of the form < N n=1ψ An (x n )ψ Bn (y n ) >, in terms of the rescaled fields, we must however keep in mind that the original correlation function is obtained by multiplying with (1/2k) N . When considering a lattice with S lattice sites in the space direction and T lattice sites in the time direction, for a total of N = S × T lattice sites, the partition function (9) becomes:
where we have defined:
It is exactlyZ(k) that we have evaluated with algebraic methods for a large series of small lattices. First of all we have putZ(k) in a comfortable form for subsequent algebraic manipulations. Making use of the explicit expression (3) for the link variables U and remembering the Grassmann properties of the fermion fields, one finds the monomer-dimer representation [13] for the partition functionZ(k):
where F (n) is the monomer term at lattice site n, coming from the mass-term in the action (i.e. the bilinear diagonal term not containing the gauge fields U):
(The indices 1 and 2 are the Dirac indices). The quantities L µ (n), with µ = 1, 2, are the dimer terms defined on links of the lattice. They result from the direct integration over the gauge field U µ (n) = exp[iφ µ (n)], corresponding to the link n → n +μ. Explicitly:
where M µ (n) and N µ (n) are given by:
Thanks to the particularly simple form (3) of the gauge variables U in the case of a U(1) gauge group, the integration in (15) can be performed in an elementary way, after having expanded as a power-series the first exponential. Making use of the explicit representation (8) for the γ-matrices and of the Grassmann properties of the fermion fields, one finds the following rather simple expressions for the one-link integrals L 1 (n) and L 2 (n):
After inserting the expressions (14) and (17) in (13), one is left with an integral over the fermionic variables, which must be evaluated according to the integration rules for the Grassmann variables. Doing this "manually" turns out to be extremely boring and timeconsuming, even for the very small 2 × 2 lattice. For this reason we have developed an algebraic method for evaluating the integral (13) . We have used the algebraic computer language "Mathematica" and have implemented the basic rules for the Grassmann algebra:
In this way we were able to write computer programs (for "Mathematica") for evaluating products of polynomials of arbitrary strings of Grassmann variables (like those appearing in eq. (13)) and for integrating them. In practice we have used the following strategy for calculating the partition function (13) for a given lattice of size S × T . First of all we have computed the transfer matrix, i.e. the products of all one-link-terms, L 1 (n) and L 2 (n), and all mass-terms F (n) belonging to a given space-like line (x, t) with x = 1, 2, . . . , S. We call this object a "line". It is a function of all Grassmann fields belonging to the sites of the line under consideration:
In evaluating this product we have already taken into account the torus-like topology of the lattice, in form of periodic boundary conditions for the Grassmann fields along space-like lines. The partition function is represented in terms of line[t, 0] as: 
We can then proceed in the same way and construct more extended objects. For example we can multiply line[t, 1] with line[t + 2, 0], or even with line[t + 2, 1], and integrate over the Grassmann fields lying on the line (x, t + 2), x = 1, 2, . . . , S: In general we obtain line[t, l] by performing the integration over the (l) lines of intermediate Grassmann fields at x = t + 1, ..., t + l. Finally, for l = T − 1 the resulting object covers just the entire lattice S × T and we must again take into account the torus-like topology of the lattice, i.e. impose anti-periodic boundary conditions for the Grassmann fields along time-like lines (In fact, it turns out to be irrelevant, for the final result, if we impose periodic or anti-periodic boundary conditions for these Grassmann fields). In the last step, we can integrate over the remaining Grassmann fields and obtain the final result for the partition function (13) . It turns out that the CPU time required in this approach is entirely controlled by the initial spatial extent S of the lattice as this determines the number of Grassmann fields one can combine in a given string of fields. Doubling the length in time direction does not lead to a drastic increase of the computer time as the resulting object, line[t, 2l] contains exactly the same number and types of strings of Grassmann fields as line[t, l]: the only additional complication results from the more complex structure of the coefficients of these strings, which become higher order polynomials in k for increasing T . As a curiosity, if we try to follow the strategy of "extending" in the space-direction, instead of extending in the timedirection, we need (for our programs) CPU times which are orders of magnitude larger than in the previous case. This is simply due to the space-time asymmetry in the representation (8) : but of course the partition function for a lattice S × T , namelyZ(k, S, T ), is exactly equal to the partition functionZ(k, T, S) for a lattice T × S (One can always choose a representation for the γ matrices in whichγ 1 = γ 2 andγ 2 = γ 1 ).
Results
Following the computational strategy discussed in the previous section, we have evaluated the partition functionZ(k), given by (13) , for a large number of lattices of the form S × T with S = 2 and 3 ranging from 2 × 2 up to 2 × 32 and from from 3 × 3 up to 3 × 16. These calculations could be performed on a workstation. For S ≥ 4 considerably more computer time and memory would be required.
From the Grassmann properties of the fermion fields, it immediately follows that the functionZ(k, S, T ), for a given lattice having N = S × T sites, is a polynomial of order 2N in the hopping parameter k,Z
On a lattice with N lattice sites there are 4N different fermion fields (four fields for each site), so that, by virtue of the properties of the Grassmann algebra, one can construct strings of fermion fields with at most 4N fields. And since each power k 2 is always accompanied by four fermion fields, one can at most construct a string with 4N fields with a coefficient (proportional to ) k 2N in front of it. We have computed the partition functionsZ(k, S, T ) for (S = 2, T = 2, . . . , 32) and for (S = 3, T = 3, . . . , 16): each of them is a polynomial of order 2N = 2(S × T ) in k, with a 0 = 1 (Z(k = 0, S, T ) = 1) and a 2n ≥ 0 for all n. The magnitude of these coefficients generally increases with the order of k, apart from deviations in the very first coefficients due the torus-like topology of the lattice which allows for special "trajectories", made up of chains of links wrapping around the lattice. In Table 1 and Table 2 we report the list of these coefficients for the two lattices 2 × 32 and 3 × 16 respectively. Note that for S and T even the partition functionZ(k, S, T ) is a polynomial of the form N/2 n=0 a 4n k 4n . This is due to the larger set of symmetries on such lattices, as will be discussed below. Let us first discuss the distribution of zeroes of the partition function. In [ Fig.1] and in [Fig.2] we show the distribution of the complex zeroes, (Re(k), Im(k)), of the partition functionZ(k, S, T ) for the 2 × 32 and 3 × 16 lattices, respectively. By virtue of (22),Z(k) is a polynomial in k 2 with real coefficients: so, ifk is a complex zero ofZ(k), also −k andk * (the complex-conjugate ofk) will be zeroes ofZ(k). As a consequence of this, the distribution of zeroes (x, y) in the complex plane (Re(k), Im(k)) is invariant under the parity transformation (x, y) → (−x, −y) (P-symmetry) and under the complex-conjugate transformation (x, y) → (x, −y) (C-symmetry). In other words, the distribution of zeroes turns out to be symmetric under reflections with respect to the real and/or the imaginary k-axis: this is evident from [ Fig.1] and [Fig.2] . The distribution of zeroes in [ Fig.1 ], for the lattice 2 × 32, has an additional symmetry under reflections with respect to the axis Re(k)−Im(k) = 0 and/or to the axis Re(k)+Im(k) = 0. This additional symmetry is typical for lattices of size S × T , where both S and T are even numbers. In fact, it turns out that for this class of lattices the partition functionZ(k) may be written in the following form:
where a given site (s, t) (with s = 1, . . . , S and t = 1, . . . , T ) is said to be even or odd if the integer number s + t is respectively even or odd. While F (m) is the usual monomer term which we have introduced before in eq. (14), cross(n) is a new object obtained by multiplying the monomer term in the site n with the four dimer terms starting from or ending at the site n, and finally integrating with respect to the fermion fields in n:
By explicitely evaluating this expression, one finds that cross(n) may be written as 1 + k 4 α(ψψ), where α(ψψ) is a sum of products of four fermion fields defined in the neighbouring sites of n (i.e., n +1, n −1, n +2 and n −2). Therefore the partition functionZ(k) will be a polynomial in k 4 , with real (and positive) coefficients. As a consequence, ifk is a solution of Z(k) = 0, also ik will be a solution. In other words, the distribution of zeroes ofZ(k) in the complex k-plane will be invariant under the transformation (x, y) → (−y, x): we will call this an I-symmetry. After combining this I-symmetry with the other P -and C-symmetries, one immediately recognizes that the distribution of zeroes is invariant under reflections not only with respect to the real or the imaginary k-axes, but also with respect to the axes Re(k) − Im(k) = 0 and Re(k) + Im(k) = 0: this is in fact what one observes in [Fig.1] .
With increasing lattice size the zero with the smallest imaginary part comes closer to the real axis. This zero of the partition function has been plotted in [ Fig.3 ] for various lattices of size S × T . As can be seen, for increasing T and fixed S the imaginary part of the zeroes approaches a finite, non-zero value, indicating that there is no phase transition on infinite stripes of extent S < ∞. We have then used a polynomial fit to derive, from the two previous series of points, the asymptotic values of the roots nearest to the real k-axis corresponding to the lattices 2 × ∞ and 3 × ∞. In practice, we have performed separate fits of real and imaginariy parts of the sequence of roots for given S, using the polynomial ansatz, P (T ) = a 0 + a 1 /T + a 2 /T 2 + . . .. The number of coefficients in the polynomials was chosen so as to minimize the chi-squared value. It turns out that for the lattices with S = 2 good fits are obtained if one uses a polynomial with six coefficients for the real part of the roots and a polynomial with five coefficients for the imaginary part. Instead, for the lattices with S = 3 good fits are obtained using polynomials with only three coefficients for both the real and the imaginary part of the roots.
In this way we have found that the root nearest to the real k-axis is approximately (0.464±0.003, 0.172±0.004) for the 2×∞ lattice and approximately (0.43±0.01, 0.09±0.01) for the 3 × ∞ lattice.
If one tries to linearly extrapolate these two points, assuming the existence of a real critical value k c in the thermodynamic limit S → ∞ and T → ∞ (see also below), one finds approximately (within the accuracy of our linear extrapolation):
Although the spatial extent of our lattices is still quite small, it is interesting to analyze the complex zeroes of infinite stripes under the assumption of a second order phase transition in the thermodynamical limit S → ∞. The real and the imaginary parts of the zero closest to the real axis are then expected to scale like:
Using this ansatz for our S = 2 and S = 3 results we find from the S-dependence of Im(k) the critical exponent ν ≃ 0.63 and using this to extract k c from Re(k) we again find k c ≃ 0.39. Of course, in order to get a realistic estimate of the errors on these numbers, one needs to consider also lattices with much larger S. This is surely an extremely interesting result: the value we have found for k c is considerably smaller than the valuek = 1/2 we would have expected from naïve argumentations. Since for β = ∞ (theory with free fermions, since e 2 = 1/β → 0) it is well known that k c = 1/4 (in general it will be k c = 1/2d, with d space-time dimensions), we are led by the result (25) to believe in the existence of a line of phase transition from (β = 0, k c ≃ 0.39) to (β = ∞, k c = 1/4). (See also ref. [14] , where this same result was found making use of the so-called eight-vertex model [15] for the analytical computations.)
In order to get some further information about the question of the order of the phase transition, we have studied the behaviour of the (re-scaled) chiral condensate <ψψ >, the (re-scaled) chiral susceptibilityχ and the (re-scaled) third derivative, with respect to 1/2k, of the logarithm of the partition function Z in the vicinity of the critical point k c . The re-scaled chiral condensate <ψψ > is given by the following expression in terms of the partition functionZ(k) (see eqs. (5), (9) and (11)):
where N = S × T is, as usual, the number of sites of the lattice. In [Fig.4 ] we report the behaviour ofQ ≡ − <ψψ > as a function of k, for the two lattices 2 × 32 and 3 × 16. The re-scaled chiral susceptibilityχ is defined as:
In [ Fig.5 ] we report the behaviour ofχ as a function of k, for the same two lattices. It is easy to verify thatχ = −k(dQ/dk) −Q, so thatχ behaves asχ ≃ −Q → −2 for k → 0. Finally, we also consider the third derivative, with respect to 1/2k, of the logarithm of the partition function Z:
The behaviour ofφ as a function of k is shown in [Fig.6 ], for the two lattices 2 × 32 and 3 × 16. It is easy to demonstrate thatφ = k(dχ/dk) + 2χ: from this one can immediately derive thatφ behaves asφ ≃ 2χ → −4 for k → 0. Clearly the three quantities are closely related. The sharpening of the crossover in <ψψ > is reflected in the rise of the peak inχ with increasing S, and the narrowing of the peak inχ is expressed in terms of the rapidly rising peaks with opposite signature iñ ϕ. Certainly the behaviour of these three quantities is consistent with that expected for a continous phase transition, i.e. a second-or third-order phase transition.
Conclusions
We have evaluated analytically, using algebraic methods, the partition function Z for the lattice Schwinger model, with N f = 1 Wilson fermions, in the strong-coupling regime (β = 0). For a given lattice S ×T , the partition function is of the form Z(k, S, T ) = (2k) −2NZ (k, S, T ), where N = S × T is the total number of lattice sites andZ(k, S, T ) is a polynomial in k of order O(2N). By studying the zeroes in the complex plane (Re(k), Im(k)) of the partition functionZ(k, S, T ) for a large series of small lattices S × T , we have found evidence for the existence of a critical value for the hopping parameter, which in the thermodynamic limit, S, T → ∞ lies on the real axis at about k c ≃ 0.39. We are led by this result to believe in the existence of a line of phase transition from (β = 0, k c ≃ 0.39) to (β = ∞, k c = 1/4). In order to determine the order of the transition, it is clearly important to study in more detail the density of the zeroes near k c . This requires larger values of S. We have analyzed the chiral condensate <ψψ >, the chiral susceptibility and the third derivative, with respect to 1/2k, of the partition function, in order to get some insights into the question of the order of the phase transition. Even though the present analysis does not yet allow to draw a definite conclusion on the order of the transition we have found some indications that the phase transition might be third order or even second order. 
